Lecture |4 Spans and subspoces

Def Let V be o vector spoce.
(1) A subspace of V is a vector space contained in V

(with the same oddition and scalor multiplication

(2) A linear combination of vectors 71372,'“.7“ in \V is o vector

of the form CV+C Vot +CiVh With Cy,Coy Ch€IR.

3) The span of vectors Vi, Vo, Vn in V is the set of all linear

combinations of VI, Vo, V.

@) Vectors Vi, Vo, Vn in V are linearly independent if we hove

C\Vi+ CoVat—+CaVa 5 0 wnless Ci,Coy 1 Co are all zero.

rop iven vectors Vi, Vo, "y Va 0 a vector spoce ) el span 8 a

subspace of /.
Pwt « zero vector: 0 =0V, 40 Vat—+0-Vn in the span
¢ closed under addition :

U= CVi+CVat—+CVn and V=dVi+d: Vot +dovn in the span

4

U+V = (CHd) W+ (Cda) W+ + (Cotdn) Uh in the span
v closed under scalar multiplication :

W = C Vi CoVat—+CVn in the spon

=) CW =CCVi+CCaVat~+CCVn in the spon for any ceR

Hence the span of Vi, Vi,V is o subspace of V.



Ex Determine whether each set is a subspace of IR
() The set of all vectors of 4he form [Q;b} with o, b elR

Sol The set does not contain the zero vector.

= The set is lnoJr o subspace of R

o+4b

_ 20-3b | |2 -3
Sol  We wmay write l: 0\+4b} = O\lil}ﬂL b{dr}

= The set is the span of U’Z[ﬂ and Vzli_ﬂ :

(2) The set of oll vectors of the form {m*_ 3‘0} with o, b elR

= The set is \i subspace of R

2

3) The set of all vectors of the form (fz_bé} with o, belR.
L

Sol We may write o —b’ . | s -
2p 0 2

= The set is the span of \_X:[l} and V:li_l}~

O 2

(the scalar foctors o and b are ar‘oifmrg)

= The set is lisubspace of IR




4) The set of all vectors of Hhe form [O\Z;‘Ob:} with o, belR.

Sol The set is not closed under scalar multiplication |

- (0]
V=, ] the set with o=1 and b=1
_ [o] |
-V = not in the set
|2

(the second coordinate 2b* can never be meao\ﬁve)

= The set is (E)Jr o subspace of ‘sz

2

Note Although we wmay write [O\_bl} = o\l[l}erzI:-l] the set is
2b* 0 2

N | - |-l
not sponned by U\:[Oj| and V :[2} - TIn fact, the scalar

factors o and b* are not arbitrary os they can never foke

negative volues.

% W=V does not lie in the set even though it lies in the
span of W and V.

<Y




Ex Determine whether each set is o subspace of P, where [P denotes
the space of all polynomials.
(1) The set of all polynomials of the form pety=at" with aelR.
Sol The set is the span of the polynomial t*

= The set is Esu‘ospaee of P

) The set of Jll Po\gnowﬂa\s of the form pety=a+bt with o,beR.
Sol We may write a+bt=01+bt

= The set is the spon of the Po‘gmomia\s | ond t,

=) The set is | o subspoce of P

Note Here we regord | as a constant Po‘gvxomia\ (1=t°)
3) The set of all Po\gwowﬂa\s of the form p=a+t with aelR.
Sol The set does not contain the zero polynomial.

([o*0+t for any aeR]

= The set is ‘V\oJr o subspace of P

Note The set is not spanned by | and . TIn foct, we have

att=01+1t where the scalar factor for t is fixed to be 1.

not a\“\oﬁmrg

% 3+2t does not lie in the set even Jr\/\oug\/\ it lies in the

span of 1 and £



@) The set of all polynomials pet) with pi3)=0.

Sol v zero vector: the zero polynomial in the set

I}
2eyo JGuuncJ\-‘\O\n

+ closed under addition :

pet) and 9t with volue 0 of t=3

=y pebi+ ¢t with volue 0+0=0 of t=3
v closed under scalar multiplication :

pt) with value 0 ot t=3

= cpet) with value c-o=0 of t=3 for any ceR

Hence the set is ]a subspace of [P

(5) The set of oll polynomiols pety with pez)=4

Sol The set does not contain the zero polynomial

= The set is (_noJr o subspace of [P




